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Abstract
We discuss a particular lattice discretization of abelian gauge the-
ories in arbitrary dimensions. The construction is based on gauging
the center symmetry of a non-compact abelian gauge theory, which
results in a Villain type action. We show that this construction has
several benefits over the conventional U(1) lattice gauge theory con-
struction, such as electric-magnetic duality, natural coupling of the
theory to magnetically charged matter in four dimensions, complete
control over the monopoles and their charges in three dimensions and
a natural θ-term in two dimensions. Moreover we show that for bosonic
matter our formulation can be mapped to a worldline/worldsheet rep-
resentation where the complex action problem is solved. We illustrate
our construction by explicit dualizations of the CP (N−1) and the
gauge Higgs model in 2d with a θ term, as well as the gauge Higgs
model in 3d with constrained monopole charges. These models are
of importance in low dimensional anti-ferromagnets. Further we per-
form a natural construction of the θ-term in four dimensional gauge
theories, and demonstrate the Witten effect which endows magnetic
matter with a fractional electric charge. We extend this discussion to
PSU(N) = SU(N)/ZN non-abelian gauge theories and the construc-
tion of discrete θ-terms on a cubic lattice.
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1
1 Introduction
An important aspect of many quantum field theories is the fact that they can
be augmented with topological θ-terms which can cause dramatic changes
in the low-energy physics. The corresponding physical phenomena are non-
perturbative in nature such that genuinely non-perturbative approaches are
necessary to study these systems.
Such terms are well known in the context of non-abelian gauge theories,
as they are the source of the famous strong CP problem. However θ-terms
are also a feature of many condensed matter systems, often in the context
of effective abelian gauge theories. A famous example is the spin-chain
described by an effective U(1) abelian gauge theory with a θ-term. The
θ-terms also appear in the context of topological insulators (see, e.g., [1–3]).
In higher dimensions U(1) gauge theories generically have monopoles. In
fact in the conventional lattice formulations of U(1) gauge theories monopoles
seem like an unavoidable curse of the formalism. Yet while many effective
theories have monopoles, they do not appear as unavoidable, and their pres-
ence and/or charge is dictated by the underlying symmetry of the UV the-
ory. For the example of (2+1)d anti-ferromagnets, a good effective theory
is a U(1) gauge Higgs theory, but with monopoles of a particular charge
(see [4–9]). The constraint is imposed by the presence of ZN lattice symme-
tries, which are mapped into the conservation of the magnetic flux modulo
2piN in the corresponding (2 + 1)d effective quantum field theory. This
symmetry is sometimes referred to as the magnetic center symmetry or the
topological symmetry1.. This requirement means that the effective theory
cannot be allowed to have monopoles (i.e., space-time flux changing events)
whose charge is not a multiple of N .
All of the scenarios above have interesting setups where partial answers
about their long-distance properties are provided by anomaly matching [10–
15]. In this work we are interested in formulating such theories on the
lattice in a way amenable to numerical simulations. To achieve this, the
discretization on the lattice has to be done in a way such that the symmetries
of the continuum theories are implemented exactly in order to compare to
the anomaly matching constraints. Standard lattice discretization often does
not meet these criteria. For example the U(1) gauge theory in (1 + 1)d can
1The terms topological is sometimes used because the symmetry is a remnant of the
topological U(1) symmetry for which the current j = 1
2pi
? F is conserved identically by the
Bianchi identity, not due to the Noether theorem. However the distinction is not a physical
one, and this symmetry is a usual Noether symmetry in other dual representations of the
theory.
2
be supplemented by a θ-term, but a crucial anomaly matching ingredient
is the preservation of charge-conjugation symmetry at θ = pi [10, 13, 14]. In
(2 + 1)d there are also anomaly matching conditions involving a discrete
subgroup of the U(1) magnetic center (or topological) symmetry [11, 14,
16], the preservation of which requires monopole charges to be multiples
of some integer other than unity. The conventional lattice discretization is
also difficult to couple to monopole matter in a satisfactory way. It is also
not clear that it enjoys an electric-magnetic duality, well known for abelian
gauge theories in the continuum.
The second obstacle towards a successful lattice treatment is the fact
that appropriate definition of the path-integral representation may still suf-
fer from the complex action problem that has to be overcome before the
formulation can be used in a Monte Carlo simulation. Consequently the lat-
tice discretization of the theory has to be such that it admits a solution of
the complex action problem if the theory is to be useful for simulations. This
can sometimes be achieved by a transformation to dual variables which are
worldlines for matter fields and worldsheets for the gauge degrees of freedom.
In this paper we revisit the problem of finding suitable lattice discretiza-
tions in order to properly define and simulate the abelian gauge theories dis-
cussed above. Our construction is based on a formulation of a non-compact
abelian gauge theory, and subsequent gauging of its R center symmetry
down to U(1). The procedure results, up to a gauge fixing, in a Villain
action for the gauge field. As we will see, this approach will allow us to
couple magnetic matter, and implement an electric-magnetic duality even
in the presence of electric and magnetic matter. It also serves as a natural
way to define θ-terms in both 2d and 4d lattice gauge theories.
We will also discuss the application of this construction to three model
systems: The 2d gauge Higgs model with a θ-term, the 2d CP (N−1) model
with a θ-term, and the 3d gauge Higgs model with a new type of term
that allows to control the charge of the monopoles. For all three model
systems we work out the details of the lattice formulation and discuss the
corresponding dual worldline/worldsheet representation where the complex
action problem is resolved2.
The paper is organized as follows. Sec. 2 is devoted to the general discus-
sion about the discretization we use in all dimensions, and the motivation
behind it. Here we discuss electric and magnetic matter-matter coupling,
2We remark that in some parts of our discussion, in particular Sections 2 and 3, we
use the language of differential forms on the lattice, and we summarize our corresponding
notations in Appendix A.
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and dualization. In 4d the theory has self dual points with interesting con-
sequences. In Sec. 3 we discuss the CP (N − 1) nonlinear sigma model and
the U(1) gauge Higgs model in 2d. In Sec. 4 we focus on 3d theories with
constrained magnetic charges. In Sec. 5 we discuss θ-terms in 4d, and the
Witten effect associated with such terms.
2 Gauging center symmetry and lattice discretiza-
tion
2.1 Compact vs. non-compact abelian gauge theory
To motivate the steps we later take for the lattice regularization, we begin
with a review of compact vs. non-compact formulations of abelian gauge
theories in the continuum, as well as the connection between the two. We
first consider non-compact abelian gauge theory, i.e., an R-gauge theory on
a d-dimensional torus Td. The minimal (Euclidean) gauge action is given
by
1
4e2
∫
Td
d dxF 2µν , (1)
where the field strength is given by Fµν = ∂µAν − ∂νAµ and Aµ is the gauge
field. Making use of the differential form language3 we may write
F = dA , (2)
where the field strength F is a 2-form and A is the 1-form gauge field, with
d denoting the exterior derivative. We note that F is a total derivative
globally, meaning that A is a globally well defined gauge field.
Due to the nilpotency of the exterior derivative (d2 = 0), the theory is
invariant under the gauge symmetry
A → A + dΩ . (3)
It is crucial that Ω is a single valued function on the torus, i.e., the gauge
transformation 0-form Ω takes values in the non-compact group R. This is
in distinction to the compact formulation where the gauge transformation
parameter Ω parametrizes a circle, which is only well defined mod 2pi.
Note that the non-compact abelian gauge theory cannot have a global
flux. Indeed, A is a single valued gauge field on the torus, and the field
3Here we use the notation of differential forms, where F = 1
2!
Fµν dx
µ ∧ dxν =
1
2!
Fµν
µνd2x in component form.
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strength is a total derivative, such that∫
Td
F = 0 . (4)
Wilson line operators are defined as
Wγ = e
ik
∮
γ A , k ∈ R , (5)
where γ is some closed curve. Unlike the compact U(1) gauge theory which
we will discuss below, the non-compact gauge theory allows the charge k of
the test particle to take any real (non-quantized) value.
Finally, there exists a symmetry transformation
A → A + α , (6)
where α is required to obey dα = 0. In other words, A can be shifted
by a flat connection α, without changing the action. The operators charged
under this symmetry are Wilson loops along a non-contractable curve γ, and
not local operators as is the case with the conventional global symmetries.
As a consequence the conserved charge of such a symmetry is an integral
over a co-dimension 2 hypersurface. The term 1-form symmetry was used
in [10,17,18] to distinguish such symmetries from the usual (0-form) global
symmetries, which have local operators charged under them. We will also
refer to (6) as the electric center symmetry, because the objects charged
under it are electrically charged Wilson loops.
Let us now switch to compact U(1) gauge theory. The action is the same
as before, except that now gauge transformations are given by
A → A + dω , (7)
where ω is only defined modulo 2pi (i.e., it is the parameter of the gauge
group U(1)). Clearly, now the gauge invariant Wilson loops are well defined
only for integer charges,
Wγ = e
ik
∮
γ A , k ∈ Z , (8)
i.e., test charges k are quantized in integer units. Also it can easily be seen
that the electric center symmetry is now a U(1) symmetry.
Furthermore, F is now a closed, but not an exact 2-form (if the theory
does not contain dynamical monopoles), and the description in terms of a
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global gauge field A is not admissible. In particular the theory allows for a
non-trivial flux through a 2-cycle Γ,∫
Γ
F ∈ 2pi Z . (9)
As a result the operator
e
θ
2pi
i
∫
Γ F (10)
is a non-trivial operator in the compact gauge theory. This operator is a
topological θ-term in d = 2 space-time dimensions.
In higher dimensions, the operator (10) it is a generator of the magnetic
center symmetry. The operators charged under this symmetry are monopole
operators which are co-dimension 3 operators (i.e., spacetime points in 3d,
lines in 4d, sheets in 5d, etc.), which we label as Mq(C), where C is a co-
dimension 3 hypersurface. The defining property of the monopole operator
Mq(C) is that
ei
θ
2pi
∫
Γ F Mq(C) = ei θq `(Γ,C) M(C) , (11)
where Γ is a surface, and `(Γ, C) is the linking number of Γ and C. In other
words `(Γ, C) = 1 if the surface Γ wraps once around the monopole operator
along C. Another way of saying this is that we require that an arbitrary
surface wrapping around a monopole has q-units of flux (9).
If monopoles are not dynamical, and we have a pure U(1) gauge theory,
then the operator (9) is clearly a conserved quantity. This can also be seen
from the Bianchi identity
dF = 0 , (12)
so that the 2-form current
j =
1
2pi
? F (13)
is conserved, where ? is the Hodge star operator. The objects charged under
this symmetry are the monopole operators, which are (d− 3)-dimensional
operators, so the symmetry is a (d− 3)-form symmetry (see the discussion
in [18]).
Now we introduce matter fields, or more specifically electric matter4.
We will discuss only the bosonic case, but a similar discussion holds for
4We will introduce magnetic matter in the lattice gauge theory version, but will not
discuss it in the continuum.
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fermionic matter. In both cases we introduce matter fields via terms in the
action of the form ∑
i
|Dµ(ki)φi|2 + . . . , (14)
where Dµ(ki) = ∂µ + ikiAµ is the covariant derivative with charge ki and the
dots indicate gauge-invariant interaction terms of φi. Clearly the fields φi
transform as charge-ki matter fields under the gauge transformation. If A is
a non-compact gauge field then the charges ki can be arbitrary real numbers.
However, in the case of the compact gauge field, the charges can only be
integer5. This is because a gauge transformation A→A+ dω, φi→ e−ikiωφi
is inconsistent with the single-valuednes of φi(x) on a torus if ki is not
integer.
The presence of matter reduces the center symmetry. In particular the
center symmetry acts as A→A+ α, where dα= 0. We can always write α=
dρ, where ρ is not single valued on the manifold, so that the transformation
may affect the Wilson loops. This means that ρ is not necessarily well
defined globally. If we can now transform φi→ e−iρkiφi in a way such that
e−iρki is well defined globally for all ki, then we can say that there exists a
residual center symmetry. Indeed, let us assume that all ratios of charges
are rational numbers ki/kj ∈ Q,∀i, j. Then there exists a constant c ∈ R
such that ki/c ∈ Z. Now define ρ= ω/c, where ω(x) is well defined modulo
2pi, i.e., it is an angle. Then
e−iρki = e−iωki/c (15)
is well defined, hence the center symmetry group is Z. On the other hand,
if there exist i, j, such that ki/kj ∈R\Q, the center symmetry is completely
broken by the presence of matter fields.
Similar reasoning can be used to see that choosing ρ(x) = ω(x)GCD({ki}) in
the compact gauge field case, where ω(x) is well defined mod 2pi, results in
having a ZGCD({ki}) center symmetry, where GCD({ki}) = GCD(k1, k2, . . . )
denotes the greatest common divisor of integers k1, k2, . . . . We summarize
the properties of compact and non-compact gauge theories in Table 1.
In fact one can obtain the U(1) compact gauge theory from a non-
compact gauge theory by gauging a discrete center symmetry. Because this
is best understood in the context of lattice field theory, we will discuss this
procedure upon lattice discretization. In fact it is this procedure which will
allow us to formulate a lattice discretization which is useful for our goals.
5We always normalize our gauge field so that the flux F is normalized in 2piZ.
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Non-compact Compact
Flux
∫
F 0 2piZ
Allowed electric charge k k ∈ R k ∈ Z
Monopole operators 7 3
Center sym. (pure gauge) R U(1)
Center sym. (with {ki} charge matter fields) Z or Z1 ZGCD({ki})
Table 1: Summary of differences between compact and non-compact gauge
theory.
2.2 The lattice discretization: Gauge fields
For our discretization we consider a cubic lattice Λ with periodic boundary
conditions and denote the lattice sites as x, lattice links as l, plaquettes as
p, cubes as c, hypercubes h and general r-cells as c(r), such that x ∼ c(0),
l ∼ c(1), p ∼ c(2), c ∼ c(3) and h ∼ c(4). In parts of this paper we will
borrow the language of discrete differential forms and the theory of simplicial
complexes adapted to cubic lattices. Furthermore, some of our notation is
similar, but not identical to previous work (see, e.g., [17, 19–21]). We also
emphasize that our construction is for cubic lattices, rather than simplicial
complexes (i.e., triangulations of manifolds) like in [21]. In Appendix A we
provide a summary of the details of our notation for discrete differential
forms on cubic lattices.
We define U(1) non-compact gauge theory coupled to scalar fields on
the lattice using the gauge degrees of freedom Al ∈ R living on the links l
of the lattice and matter fields φx ∈ C living on the lattice sites. A natural
gauge-kinetic action of this theory is given by
S =
β
2
∑
p
F 2p , (16)
where the sum is over the plaquettes p of a given orientation, which we take
as positive6. Fp is a discretization of the field strength tensor, which may
be chosen as the oriented sum along the links in the boundary of p,
Fp =
∑
l∈∂p
Al . (17)
6If no other indication is given, it is assumed that the orientations of links l, plaquettes
p, cubes c and general r-cells c(r) are the same and positive.
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∂p is the set of all links that bound the plaquette p, taking into account the
orientation of the links (see Appendix A). We also identify l and −l as the
same link but with opposite orientation, and we have chosen a convention
in which A−l =−Al. If we denote a link l by its base site x and its direction
µ, and a plaquette p with its base point x and its two directions µ and ν,
the above definition amounts to
Fx,µν = Ax+µ,ν − Ax,ν − Ax+ν,µ + Ax,µ , (18)
which is a natural discretization of the field strength tensor. As we summa-
rize in Appendix A, Eq. (17) defines an exterior derivative operator on link
fields, i.e.,
Fp = (dA)p . (19)
An analogous exterior derivative operator d can be defined for any “higher-
form” fields living on r-cells of the lattice, as we show in Appendix A.
The action has a gauge symmetry, given by
Al → Al + (dΩ)l , (20)
where Ωx is an arbitrary lattice field on sites, and gauge invariance follows
from the identity d2 = 0 (see Appendix A).
Gauge invariant Wilson loops are given by
Wγ =
∏
l∈γ
eik Al , k ∈ R , (21)
where γ is some closed oriented contour built out of lattice links.
Let us now pick an oriented co-dimension 1 hyper-surface S on the dual
lattice (an example in 2d is given by the dashed line in Fig. 1). Let LS
be the set of all links which intersect S, such that the intersection number
between every link in LS and S is positive. Now consider the following
transformation
Al → Al + α, α ∈ R , ∀l ∈ LS , (22a)
Al →Al, ∀l /∈ LS . (22b)
Obviously, this transformation leaves the action invariant, but may affect
Wilson loops. More specifically, if the contour γ has a non-vanishing sum
Nγ,S of oriented intersections with S (i.e., each intersection is counted with
±1 depending on whether intersection of γ and S is right-hand or left-hand
oriented), then the Wilson loop transforms as:
Wγ → e iαkNγ,S Wγ . (23)
9
Figure 1: Two examples of gauge-equivalent center-symmetry transforma-
tions. The dashed line is the co-dimension 1 hyper-surface S along the links
of the dual lattice. The links where the gauge field is shifted by a constant
are marked in red. Notice that the orientation of the links is fixed so that the
intersection number between S and the links is positive. The figure on the
left and right are related by a gauge transformation which has its support
on the site labeled by a black dot.
Note, however, that we can always perform a gauge transformation to deform
the hyper-surface S: For example if x0 is the site marked with a black dot
in Fig. 1, we can perform a gauge transformation defined by Ωx0 =−α and
Ωx = 0 ∀x 6= x0 and transform the dashed contour in the lhs. plot of Fig. 1
into the one on the rhs. Thus it is clear that the center symmetry is a
gauge tranformation if S is contractable. If S is not contractible, then the
transformation corresponds to a global symmetry transformation which we
call an electric center symmetry transformation.
So far our center symmetry transformation was an R symmetry7. Now
we wish to construct a theory with a U(1) center symmetry. We do this by
gauging the subgroup Z of the center symmetry R. In other words we now
want the transformations which correspond to shifts of Al by 2pi Z to be
7More accurately for the d-dimensional torus it is a direct product of d copies of R, one
for each 1-cycle of the torus. In general the center symmetry group of the R field is the
1st cohomology group of the manifold with coefficients in R, i.e., H1(M,R). This is made
obvious either by noting that δ is a representative of H1(M,R), or that the hyper-surface
S is a member of the (d−1)-st homology of Hd−1(M,R), which by Poincare duality is
isomorphic to H1(M,R).
10
gauge transformations. Choosing the center transformation as αl = 2pi nl
with nl ∈ Z we find that the field strength transforms as
Fp → Fp + 2pi (dn)p , (24a)
which is clearly not an invariance of the action (16). To make this an
invariance of the action we introduce a discrete gauge field Bp ∈ 2pi Z based
on plaquettes p, and promote the field strength to
Fp → Fp + Bp . (24b)
Now we demand that under the transformation Al→Al + 2pi nl our discrete
gauge field Bp transforms as
Bp → Bp − 2pi (dn)p . (24c)
Thus when using the gauged field strength Fp + Bp in the action, this action
is gauge invariant under the transformation Al→Al + 2pinl.
In fact we have obtained a compact gauge theory, with action
S =
∑
p
β
2
(Fp +Bp)
2 , (25)
that, in addition to the link-based fields Al, is endowed with a 2-form, Z-
valued gauge field Bp based on the plaquettes.
In 2 dimensions we can deform the action by adding the gauge invariant
term
Sθ = i
θ
2pi
∑
p
Bp . (26)
In fact this is precisely the θ-term, as we will show in a moment.
For more than 2 dimensions the field Bp may have more degrees of free-
dom. In fact the introduction of the field Bp on plaquettes now allows for
monopoles. We define a monopole operator as an operator on a cube c (i.e.,
a 3-cell) of the lattice. It is obvious that
(dB)c = 2pi q , q ∈ Z , (27)
and for q 6= 0 we say that a monopole of charge q sits on the cube c. In d= 3
dimensions this defines a monopole operator that is a point operator on the
dual lattice.
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In dimensions d > 3 the monopole operator is an extended operator
on the dual lattice consisting of adjacent cubes c which span a (d− 3)-
dimensional hypersurface on the dual lattice (i.e., it is a particle in 4d, a
string in 5d, et cetera).
Therefore, upon introducing the fields Bp we have changed the theory
in a significant way, as we now have locally very different configurations
compared to what we had in the non-compact theory, and in d > 3 there are
even new states (particles, strings...) corresponding to the monopoles. All
this is well known for the compact gauge theory. The conventional lore is
that these monopoles are an inescapable curse of the abelian gauge theory
on the lattice, but this is not true in our formalism. Indeed we can choose
to gauge the center symmetry with the field Bp in such a way so that its
curvature is flat, i.e., by imposing the constraint that
(dB)c = 0 ∀c . (28)
Now this means that B-flux is topologically conserved and quantized, which
in turn implies the presence of a magnetic center (or topological) U(1) sym-
metry. Indeed the object which transforms under that symmetry is precisely
the monopole operator.
Let us formulate this a bit more precisely. We impose the above con-
straint by introducing a delta function in the partition sum, which is equiv-
alent to introducing the following term in the action:
iQ = i
1
2pi
∑
c
(?Am)c(dB)c . (29)
Here the sum is over all the cubes c of the lattice, and (?Am)c is a R-valued
3-form on the lattice Λ which lives on the cubes c. We choose to think of
this 3-form as the ?-dual of the (d− 3)-form Am on the dual lattice (see our
definition of ?-duality in Appendix A). When integrating (?Am)c over the
interval [−pi, pi] at each cube, the Boltzmann factor with the exponent (29)
gives rise to Kronecker deltas that impose the constraints (28) on all cubes
c. The shift (?Am)c → (?Am)c + δ is a symmetry of the theory as long as
(dδ)c˜(d−3) . This can be seen by a use of partial integration formula from the
Appendix A. Moreover, since (?Am)c is an angular variable taking values
(?Am)c ∈ [−pi, pi), there is a U(1) symmetry in the theory associated with
the topological symmetry (see also a related discussion in [11,16,22]).
The reason why it is useful to think of the Lagrange multiplier as the
?-dual of the (d− 3)-form fields Am on the dual lattice, is because Am also
enjoys an abelian gauge symmetry. Indeed if we transform
Am → Am + dλ˜ , (30)
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the action Q remains unchanged,
∆Q =
1
2pi
∑
c
(?dλ˜)c(dB)c = − 1
2pi
∑
h
(?λ˜)h(d
2B)h = 0 , (31)
where we used the partial integration theorem8 (see Appendix A). We have
therefore obtained another U(1) (d− 3)-form gauge field Am which naturally
lives on the dual lattice. This is a magnetic gauge field. In d = 4 the U(1)
gauge field is the usual 1-form gauge field, and in d = 3 it is just a scalar
field on the dual lattice.
To describe the corresponding monopole operator, we must take a prod-
uct of U(1) variables along a (d− 3)-dimensional hyper-surface S˜ built out
of (d− 3)-cells c˜(d−3) of the dual lattice, i.e.,
T (S˜) =
∏
c˜(d−3)∈S˜
ei(A˜
m)
c˜(d−3) . (32)
This is the ’t Hooft loop operator of a monopole in d-dimensions.
2.3 r-form U(1) abelian gauge fields in d dimensions
We briefly comment on the construction of U(1) r-form gauge fields in d
dimensions. Let us start with the R-valued abelian r-form field Ac(r) where
r < d, i.e., a real field that lives on the r-cells of Λ. In an analogous way as
before we can define the gauge field kinetic term as
β
2
∑
c(r+1)
(
(dA)c(r+1)
)2
. (33)
The theory possesses an r-form R-symmetry under the transformationAc(r) →
Ac(r) + αc(r) where αc(r) is required to obey (dα)c(r+1) = 0. As before we may
lift this constraint and introduce an (r + 1)-form U(1) gauge field Bc(r+1) ∈
2piZ. Requiring the transformation law Bc(r+1) → Bc(r+1) − (dα)c(r+1) , we
find that the action ∑
c(r+1)
β
2
(
(dA)c(r+1) + Bc(r+1)
)2
(34)
is invariant under the transformation Ac(r) → Ac(r) + αc(r) , where αc(r) is
now an arbitrary r-form.
8Notice that λ˜= (−1)(d−4)(d+1) ?2 λ˜ (see Appendix A and the related discussion below).
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In the special case of r = 0, we have upon renaming Ac(0) ⇒ ϕx and
Bc(r+1) ⇒ 2pinl, with nl ∈ Z, that∑
l
β
2
(
(dϕ)l + 2pinl
)2
, (35)
which is just the Villain-type discretization of the xy model in d-dimensions.
By imposing the constraint (dn)p the model can be made vortex free.
2.4 The lattice discretization: Matter fields with electric and
magnetic charge
Now we discuss the lattice discretization of matter fields. Here we will
consider only bosonic matter, although similar formulas can be derived for
fermionic matter, with the caveat that some lattice formulations that do not
suffer from the sign problem in bosonic formulation will suffer from it in the
case of fermionic matter.
We impose periodic boundary conditions for all fields on our lattice Λ of
size Nd−1s ×Nt (with the lattice spacing again set to 1). The matter fields
φx ∈ C are assigned to the sites x ∈ Λ. For coupling the gauge fields we
introduce the U(1)-valued link variables
Ux,µ = e
i Ax,µ , (36)
where Ax,µ are the link-based gauge fields introduced before. Note that cou-
pling the gauge fields via the U(1)-valued link variables (36) serves equally
well for compact as well as for non-compact gauge fields.
The discretization for the matter field action is the conventional one: the
derivatives in the continuum are replaced by nearest neighbor differences and
we obtain the lattice action
S late [φ,U ] =
∑
x∈Λ
Me|φex|2 + Ve(|φex|)− d∑
µ=1
(
φex
∗Ux,µφex+µ + c.c.
) , (37)
where the superscript/subscript e stands for “electric” to emphasize that
the matter carries an electric charge. We will sometimes drop this label
for the electrically charged matter. We defined the mass parameter Me as
Me = 2d+m
2
e, where me is the bare mass and the additional term 2d comes
from the on-site contributions in the discretized second derivatives. We will
often switch between notations of labeling an r-cell by c(r) for r-cells, or by
its base vertex x and directions µ1, µ2, . . . , µr that span the r-cell. E.g., a
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link may either be denoted by l, by c(1) or by (x, µ), a plaquette by p, c(2)
or (x, µν) et cetera (see Appendix A).
In the d= 4 case there is another kind of matter action that our gauge-
field discretization allows. As we have shown, by insisting that the theory
is monopole-free, we have introduced a dual-lattice, (d− 3)-form gauge field
Am living on the c(d−3)-cells. These are just links of the dual lattice Λ˜ in
d = 4. So we can introduce lattice scalar (or fermion) fields which carry
monopole charge in the same way as we did for the electric charge
S latm [φ
m, Um] =
∑
x˜∈Λ˜
Mm|φmx˜ |2 + Vm(|φmx˜ |)− d∑
µ=1
(
φ∗x˜U
m
x˜,µφ
m
x˜+µ + c.c.
) ,
(38)
where we have introduced a dual-magnetic link variable Umx˜,µ = e
iAmx˜,µ in a
way analogous to (36).
The above magnetic-matter can only be formulated in d= 4 dimensions,
because only in d = 4 the magnetic potential is an ordinary 1-form gauge
field which can be coupled naturally to matter fields.
In d = 3 the field Am is a compact scalar field on the dual lattice. We
can therefore write a potential for σ itself 9, with the only restriction that it
is periodic when σ→ σ + 2pi. So in general we have an action of the form
S latm [A
m] =−
∑
n
∑
x˜
mn cos(nA
m
x˜ ) . (39)
If we choose mn = 0 whenever n 6= 0 mod N for some N ∈ Z, then there is a
remaining 0-form ZN magnetic symmetry, sometimes also referred to as the
topological symmetry.
In all dimensions we can define electric matter. The partition sum
Z late [U ] for the electric matter field in a background configuration U of link
variables is then given by
Z late [U ] =
∫
D[φ] e−S
lat
e [φ,U ] , (40)
where the path integral measure
∫
D[φ] is defined as the product measure∫
D[φ] =
∏
x∈Λ
∫
C dφx/2pi. In d = 4 we analogously can define the partition
sum Z latm for magnetic matter using S
lat
m instead of S
lat
e .
9In principle an action can be written for the Am-field in any dimension, as long as
it obeys gauge invariance. We will not bother writing these out here, but they may be
useful for some applications.
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We are now ready to finalize the construction and discretize the Boltz-
mann factor for the gauge field which also includes the term Q[A,Am] de-
fined in (29) which corresponds to the θ-term for d= 2 and to the magnetic-
gauge-field coupling in higher dimensions. This Boltzmann factor is given
by e−SG[A]− iQ[B,Am] where both the gauge action SG[A] and the monopole
term Q[B,Am] we consider are functionals that have the form of an “inte-
gral” over space-time, i.e., discrete sums over sites, links and plaquettes. It
is useful to define the Boltzmann factor
B latG [A,A
m] =
∏
p
∑
np∈Z
e−
∑
p[
β
2
(Fp+Bp)2+i
1
2pi
Bp(?Fm)p]. (41)
The first exponent in (41) is the quadratic term from the gauge action, while
the second term corresponds to (29). Here Fmc˜d−2 lives on d− 2-cells of the
dual lattice and is identified as the (d− 2)-form gauge field strength of the
(d− 3)-form magnetic gauge field Am
l˜
(see the discussion below Eq. (29)) in
dimensions d > 2, while for d= 2 we can set (?Fm)x,µν = θµν to obtain the
θ-term (note however that the Am field is not defined in 2d) .
We will also often make more explicit the 2pi-periodicity of BP and write
Bp = 2pinp, np ∈ Z , (42)
In the absence of the action Q the Boltzmann factor reduces to the usual Vil-
lain form10 [23], and for this reason we will sometimes refer to the plaquette-
based integers np ∈ Z as “Villain variables”.
The imaginary term in (41) has introduced a complex action problem,
which in the next subsection we will solve with an exact transformation to
worldlines and worldsheets as the new dynamical degrees of freedom. Let
us comment on this a bit. In d > 2 in the absence of monopoles, the sign
problem is easily solved by simply imposing the constraint (dB)c = 0. We
can also impose a less stringent constraint that (dB)c = 0 mod q, so that we
only allow charge q-monopoles. But this would not control the dynamics of
the monopoles very precisely, and would not account for their short-range
interactions. In fact this too may be possible to account for by just adding
terms in the action which depend on powers of (dB)c. However, coupling
the theory to magnetic matter allows an easy control over the monopole
bare mass and the short-range interactions, as well as endowing them with
10There is a subtle difference between the Villain form and the form here. The way
we obtained the kinetic action is by gauging the non-compact field theory, so that the
link-fields take values Al ∈ (−∞,∞). However we can use the non-compact 1-form gauge
symmetry to gauge fix the Al so that they take values in the interval Al ∈ (−pi, pi].
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fermionic or bosonic statistics by coupling the gauge field to either bosons
or fermions. It also allows for formulations of theories which exhibit a nice
electric-magnetic duality in four dimensions.
We complete our construction by defining the path integral measure for
the non-compact gauge fields as the product measure∫
D[A] =
∏
x∈Λ
d∏
µ=1
∫ ∞
−∞
dAx,µ
2pi
, (43)
which for later use we have normalized with factors 1/(2pi), as we will often
gauge-fix to set Ax,µ ∈ [−pi, pi). The final form of the lattice discretization
of the partition sum is then given by
Z lat =
∫
D[Am]
∫
D[A]B latG [A,A
m] Z late [U ]Z˜
lat
m [U
m] , (44)
with B latG defined in (41) and Z
lat
e [U ] in (40), with Z˜
lat
m [U
m] given for d= 4
by a similar expression with the action of electric matter in (37) replaced by
the magnetic matter in (38). In d = 3 we can define a magnetic monopole
potential as in (39), and add it to the action. Each cosine term can then
be expanded in the dual variables on the sites of the dual lattice (or cubes
of the original lattice), and the dual-magnetic field Am can be integrated
out, imposing constraints without introducing the sign problem as long as
all mn in (39) are positive. In the subsequent sections this general form of
the lattice discretization with non-compact fields will be used and worked
out in detail and applied to three examples.
2.5 General form of the dual representation with worldlines
and worldsheets
We now come to a general discussion of the dual representation in terms
of worldlines and worldsheets that solves the complex action problem in-
troduced by the term Eq. (29). In subsequent sections we discuss various
models with our discretization. There we will work out the corresponding
specific dual form in more detail, but the general structure of the dualization
is the same as the one here presented here.
The discussion here is for theories in d dimensions which are described
by the partition sum (44) with the gauge Boltzmann factor (41) and some
partition function Z late [U ] for the matter sector, for example the one defined
by (40) and (37). The details of Z late [U ] are actually irrelevant for the
current discussion – we only assume that it is a gauge invariant function of
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the link variables Ux,µ (for a more concrete example see, e.g., the discussion
in [24,25], or also the short presentations in Appendices C and D).
The gauge invariant functions Z late [U ] have a simple form: To maintain
gauge invariance, the link variables Ul must form closed loops. The loops
can be superimposed and a link can be visited several times. This gives rise
to powers (Ul)
kl of link variables, where the current variables (sometimes
also referred to as the flux variables11) kl ∈ Z assigned to the links of the
lattice denote how many times a link l = (x, µ) is run through in either
positive (kl > 0) or negative (kl < 0) µ-direction. A value kl = 0 indicates
an empty link l.
The fact that the link variables must arrange along closed loops can be
expressed as a zero divergence condition for the flux variables kx,µ:
(~∇ · ~k)x ≡
d∑
µ=1
[
kx,µ − kx−µ,µ
]
= 0 ∀x . (45)
The above condition can also be expressed more concisely as (see appendix)
(δk)x = (?d ? k)x = 0 , (46)
i.e., ?k is a flat (or closed) (d− 1)-form on the dual lattice. The zero diver-
gence condition ensures that the flux variables form closed loops and that
the product of all link contributions (Ul)
kl indeed gives a gauge invariant
combination.
The matter partition sum Ze[U ] then can be written in the form
Z late [U ] =
∑
{k}
We[k]
∏
x
δ
(
(~∇ · ~k)x
) ∏
l
e i Al kl , (47)
where δ(n) = δn,0 is the Kronecker delta. We defined a sum∑
{k}
≡
∏
l
∑
kl∈Z
, (48)
over all configurations of the flux variables kl. For magnetic matter we can
analogously define Z latm [U
m]12
11The term flux may be slightly confusing here because, as we shall see, they arise
because of the presence of an ordinary symmetry, which results in conservation of an
ordinary current. The conservation of a 1-form symmetry will give rise to plaquette-valued
integers which obey conservation of 2-form currents – i.e., fluxes.
12Hoping that it will not cause confusion, we will keep the same notation for the magnetic
18
Z latm [U
m] =
∑
{k}
Wm[k]
∏
x˜
δ
(
(~∇ · ~k)x˜
) ∏
l˜
e i A
m
l kl˜ . (49)
Each configuration comes with a weight factor We[k], which is specific for
the theory under consideration. For the example systems which we discuss
later the weights We[k] are positive such that they are suitable for Monte
Carlo simulations. The configurations of the flux variables are subject to
the zero-divergence conditions at all sites, which in (47) we implement as
the product of Kronecker deltas. Finally the link variables are taken into
account in the product of the eiAlkl at all links.
The next step is to rewrite the general gauge field Boltzmann factor
B latG [A] defined in (41). However, before we do that, let us first set the
dimensionality to d = 4 and consider a theory with one flavor of electric
matter (37) and one flavor of magnetic matter (38). Recall that the magnetic
gauge-field featured in the Boltzmann factor (41) only as a linear factor in
the action. Writing the magnetic matter (38) in terms of the world-line
representation (47) we find that the total partition function with a single
flavor of the magnetic matter has the form
Z lat =
∫
D[Am]
∫
D[A]
∏
p
∑
np∈Z
∫
Dφ e−
∑
p
β
2
(Fp+2pinp)2−Se[φ,A] ,
×
∑
{k}
Wm[k]
∏
x˜
δ
(
(?d ? k)x˜
)∏
l˜
e i A
m
l˜
kl˜+iA
m
l˜
(?dn)l˜ . (50)
Upon integrating over Am, we find that kl˜ = −(?dn)l˜. Notice that this
automatically satisfies the (δk)x = 0 condition, because d
2 = 0. The final
form of QED with one magnetic flavor is given by
Z lat = 2pi
∫
D[A]
∏
p
∑
np∈Z
e−
∑
p
β
2
(Fp+2pinp)2−Se[φ,A]Wm[−(?dn)] . (51)
In this form we have solved for all constraints, and as long as Wm is a
positive-definite weight we have managed to write a sign problem-free form
of a theory with a single magnetic-matter field in d= 4. We have thus found
a lattice description of a theory of magnetic and electric charges which is
current variable k, keeping in mind that it is a current on the dual lattice. The only place
where this would need to be distinguished is when both magnetic as well as electric matter
is written in a worldline formulation. While possible, none of our expressions are written
in this form.
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completely sign problem free, at least as long as the magnetic matter is
bosonic. We will soon see that such a theory can be dualized and the
requirement is that either magnetic or electric matter is fermionic. We can
also generalize the construction to Nf flavors of magnetic matter. We have
Z lat =
∫
D[Am]
∫
D[A]
∏
p
∑
np∈Z
∫
Dφ e−
∑
p
β
2
(Fp+2pinp)2−Se[φ,A]
×
∑
{k}
Wm[k
(1), . . . , k(Nf )]
Nf∏
f=1
∏
x˜
δ
(
(δk(f))x˜
)
×
∏
l˜
e
i Am
l˜
∑Nf
f=1 k
(f)
l˜
+iAm
l˜
(?dn)l˜ , (52)
where the worldline factor Wm now depends on the U(1) currents of Nf
different monopole flavors, and where
∑
{k}
≡
Nf∏
f=1
∏
l˜
∑
k
(f)
l˜
∈Z
. (53)
Integrating over Am
l˜
now introduces the constraint that k
(1)
l˜
+ . . . k
(Nf )
l˜
=
−(?dn)l˜, so we get, up to a constant factor,
Z lat =
∫
D[A]
∏
p
∑
np∈Z
∫
Dφ e−
∑
p
β
2
(Fp+2pinp)2−Se[φ,A]
×
∑
{k}
Wmf [k
(1), . . . , k(Nf )]
Nf∏
f=1
∏
x˜
δ
(
(δk(f))x˜
)
× δ
(
k
(1)
l˜
+ . . . k
(Nf )
l˜
+ (?dn)l˜
)
. (54)
Let us go back to the original gauge-theory in d dimensions in Eq. (41),
and add electric matter in the form of world-lines (47). The Boltzmann
factor (41) is a product over all plaquettes p. At each plaquette we have a
factor
b
(
Fp, F
m
p
)
=
∑
np∈Z
e−
β
2
(Fp+2pinp)2−i(?Fm)pnp (55)
=
1√
2piβ
∑
n˜mp ∈Z
e
− 1
2β
(
n˜mp +
(?Fm)p
2pi
)2
ein˜
m
p Fp+i
1
2pi
(?Fm)pFp ,
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which in the second line we have already expressed using the Fourier repre-
sentation, i.e., the Poisson summation of Appendix B. Note that the final
mixed term (?Fm)F will drop out upon summation over all plaquettes and
partial integration13. However it would behoove us to notice that we can
naturally define the Poisson-dual variables n˜m as integers living on the dual
lattice. So let us define n˜mp = (?n
m)p, where n
m is a Z-valued (d− 2)-form
of the dual lattice.
We can therefore rewrite the product of these factors over all plaquettes
p in terms of the dual plaquettes, which are (d− 2)-cells c˜(d−2) = ?p. The
Boltzmann factor (41) can be rewritten as
B latG [A,A
m] =
∏
p
b(Fp, ?Fp) =
=Nβ
∏
p
∑
nm?p∈Z
e
− 1
2(2pi)2β
(Fm?p+2pinm?p)
2
+inm?p(?F )?p . (56)
In the second line we have introduced the normalization factor defined as
Nβ = (1/
√
2pi β)V d(d−1)/2, where in the exponent we have the total number
of plaquettes given as the product of the number of sites V = Nd−1s Nt and
the number d(d− 1)/2 of plaquettes per site.
Now we want to integrate over the gauge field A and eliminate the phase
in the above formula. We write the phase as∑
p
nm?p(?dA)?p =
∑
l
(?dnm)lAl . (57)
Combining the above expression with the corresponding gauge field factor
in the matter partition function (47) and integrating over the measure (43)
we have∫
D[A] exp
(
i
∑
l
[(?dnm)l + kl]Al
)
=
∏
l
δ(kl + (?dn
m)l) . (58)
The integral over all gauge field configurations gives rise to a new constraint
that sits on the links: At every link l the total flux generated by the variables
13This is because F = dA, Fm = dAm. Then by using the partial integration formula of
Appendix A we have ∑
p
(?Fm)pFp =
∑
p
(?dFm)lAl = 0
because d2 = 0.
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kl for the matter field and by the occupation numbers n˜p of the plaquettes
p whose link l is in their boundary (i.e., for all p ∈ ∂ˆl) must vanish.
The final form of the dual representation of the partition function Z lat
then reads
Z lat =Nβ
∫
D[Am]
∏
p
∑
nm?p∈Z
e
− 1
2(2pi)2β
(Fm?p+2pinm?p)
2
×
∑
{k}
We[k]
∏
x
δ((δk)x)
∏
l
δ(kl + (?dn
m)l) . (59)
Note that if we solve the second constraint kl = −(?dn)l, the first one is
automatically satisfied. So for one flavor of electric matter we can simply
write
Z lat =Nβ
∏
p
∫
D[Am]
∑
nm?p∈Z
e
− 1
2(2pi)2β
(Fm?p+2pinm?p)
2
We[−(?dn)] . (60)
If we have Nf flavors of electric matter then the expression is given by
Z lat =Nβ
∫
D[Am]
∫
D[A]
∏
p
∑
nm?p∈Z
e
− 1
2(2pi)2β
(Fm?p+2pinm?p)
2
×
∑
{k}
Wmf [k
(1) . . . k(Nf )]
∏
x
Nf∏
f=1
δ
(
(δk(f))x
))
× δ(k(1)l + · · ·+ k
(Nf )
l + (?dn
m)l) , (61)
where ∑
{k}
=
Nf∏
f=1
∑
{k(f)}
. (62)
In 4d we can also couple the magnetic matter in a usual fashion, by just
using the action (38) for the magnetic matter (or its fermionic counterpart).
We write explicitly only the electric 1-flavor case, but the generalization to
more flavors is straightforward
Z lat =Nβ
∫
D[Am]
∫
Dφ˜
×
∏
p
∑
nm?p∈Z
e
− 1
2(2pi)2β
(Fm?p+2pinm?p)
2−S latm [φ˜,Am]We[−(?dnm)] . (63)
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Notice that the similarity between the expression above and (51) in d= 4.
This establishes a duality between U(1) lattice gauge theory with electric
and magnetic matter, and the same theory where electric and magnetic
sectors are mapped into each other and β→ 1
(2pi)2β
(see a related discussion
in [26]). This means that the lattice field theory with identical electric and
magnetic matter enjoys a self duality when β = 12pi . Furthermore we note
that these theories can be formulated on the lattice without a sign problem
as long as either magnetic or electric matter is bosonic. Specifically a theory
with bosonic electric and magnetic matter has a self-dual point, and does
not suffer from the complex-action problem.
It is perhaps useful to speculate on the phase diagram of a theory with
equal number of electric and magnetic flavors of the same masses, such that
at β = 1/(2pi) the theory is self-dual. Since only bosonic matter is free of
the sign problem in our formulation, we will restrict our attention to this
case. We expect the phase diagram to be symmetric with respect to the
singe change of the parameter log(2piβ) which changes its sign under the
duality transformation. Further we can distinguish four phases: the pho-
ton phase where neither electric nor magnetic matter condenses, the (dual-
)superconductor phase where electric (magnetic) matter condenses, and the
mixed phase where both electric and magnetic matter condenses. The last
alternative is a strange one, as it is not expected to appear in the continuum.
This is because a superconducting phase has monopole confinement, and the
dual-superconductor phase has electric confinement. The confining strings
are ANO vortices for which, depending on the phase, one of the scalar field’s
(electric or magnetic) phase has nontrivial winding around a worldsheet of
the vortex. In the continuum this requires the scalar field to go to zero in
the center, endowing the vortex with tension, and confining electric (mag-
netic) charges when magnetic (electric) condensation occurs. This argument
may break down on a finite lattice for some parameters which compress the
string to the lattice-spacing size, allowing a condensation of both electric
and magnetic charges.
The mixed phase would be expected when the mass parameters m2e
and m2m are negative and large compared to the inverse lattice spacing
squared. For less extreme, but still negative values of m2e,m we expect a
superconductor/dual-superconductor phase transition as a function of β,
which for identical parameters of electric and magnetic matter will be ex-
actly at the point when β = 1/(2pi), likely in the form of a first order phase
transition. This phase transition line should end with a critical, second order
phase transition to the photon phase for even larger values of m2e =m
2
m =m
2.
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We note that the magnetic and electric superconductor phases may be
hard to distinguish in case of the single flavor unit-charge electric and mag-
netic matter, because there is no symmetry in the problem other than the
electric-magnetic duality which is only present when β = 1/(2pi). It may
therefore be more precise to consider a theory with charge-2 magnetic and
electric matter, so that there is a Z2 × Z2 electric-magnetic center symme-
try. The superconductor and the dual-superconductor can then be defined
as phases for which non-contractible Wilson loops for A and Am get a vev
respectively, breaking either one Z2 or the other. In fact, using arguments
similar to the ones in [11], one can show that there is a mixed anomaly
between the two center symmetries, and the gapped phase where both are
restored is not permissible. Alternatively we can also consider a theory with
nef and n
m
f flavors of electric and magnetic matter respectively in such a way
that they form SU(nmf ) and SU(n
e
f ) multiplets. The electric/magnetic con-
densation can then be associated with spontaneous breaking of PSU(nmf )
and PSU(nef ) global symmetries
14.
We conclude by commenting on the theories with fermions. For fermionic
matter a positive-definite form of the wordlines is not so simple to achieve,
but at least in 2d some fermionic systems were shown to have positive weights
We[k] (see e.g., [27–29]). This implies that the wordline/worldsheet repre-
sentation can be simulated with Monte Carlo techniques and for a discussion
of suitable updating techniques we refer to [25]. However as we have seen,
the theory only requires a world-line representation of magnetic or electric
matter, but not both. This means that as long as either magnetic or electric
sector is purely bosonic, the theory can be formulated in a representation
that does not suffer from a sign-problem.
3 2d U(1) gauge theories with a θ-term
As a first example of our approach with mixed compact/non-compact lat-
tice fields we discuss two 2d abelian gauge models. One is the Higgs model
with a θ-term, and the other one is the CP (N − 1) model with the θ term.
The former can easily be generalized to arbitrary number of flavors, but to
keep formulas simple we here discuss only one flavor. For a proper under-
standing of the model from lattice simulations it is necessary to discretize
the θ-term such that it is integer-valued and has a form that is suitable for
solving the complex action problem by a transformation to worldlines and
14The global symmetries are PSU(N) instead of SU(N) because the transformation by
a center of SU(N) is a gauge symmetry.
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worldsheets. Both these conditions are met by our discretization approach
and as a consequence the lattice model at non-trivial topological angle θ= pi
has an exact charge conjugation symmetry.
In [30] we already numerically studied the 1-flavor gauge Higgs model.
This system undergoes a spontaneous breaking of charge-conjugation sym-
metry as a function of the mass parameter and the transition is in the 2d
Ising universality class (see also [16]), thus demonstrating the power of our
approach. When switching to charge-2 matter fields or more than one flavors
of matter one expects that the critical behavior changes, and currently we
are exploring the corresponding physics (see [31] for our preliminary results).
3.1 The models and their duals
In the continuum the actions of the 2d models we consider are
SHiggs[φ,A] =
∫
d2x
( 1
4e2
F 2µν + |Dµφ(x)|2 +m2|φ(x)|2 + λ|φ(x)|4
)
, (64)
and
SCP (N−1)[φ,A] = J
N∑
j=1
|Dµzj(x)|2 , (65)
where zj(x), j = 1, 2 ... N are N species of complex scalars with the con-
straint
∑N
j=1 zj(x)
∗zj(x) = 1 ∀x. The covariant derivative in the CP (N − 1)
case contains a non-dynamical auxiliary gauge field which can be integrated
out because there is no gauge-kinetic term. Both theories can also be sup-
plemented with a topological θ-term which in the continuum is given by (µν
denotes the completely anti-symmetric tensor)
Sθ =
θ
4pi
∫
d 2x µν Fµν(x) =
θ
2pi
∫
d 2x F12(x) . (66)
The lattice discretization would involve a term iθ2pi
∑
pBp, where Bp = 2pinp
is Bp is the Z gauge field that we used extensively. In fact the construction
is identical to that in general dimensions upon replacement of (?Fm)p→ θ.
Indeed in the first line of Eq. (55) this replacement amounts to adding the
θ-term in 2d, using the prescription above.
However, this will only work if the gauge-kinetic term is present, which
is not the case in the continuum version of the CP (N − 1) model. The naive
discretization of the continuum formulation without the gauge-kinetic term
will yield a meaningless result, rendering a vanishing partition function for
any value of θ except 0 mod 2pi. This is because the 2-form variable B ∈ 2piZ,
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or equivalently the Villain variable n ∈ Z, decouples from the theory. Since
the θ-term couples only to B, the sum over B will force the partition function
to vanish, a clearly unphysical result.
The problem comes from the ill-defined topology of the lattice model. In
fact without the gauge-kinetic Villain term there is no penalty for instantons
at the lattice scale (so called ”defects”), and the theory will not have a proper
continuum limit. On the other hand the introduction of the gauge-kinetic
term is harmless, and indeed necessary, as long as β is held constant as
the continuum limit is performed. This can be seen in several ways. One
is to observe that on dimensional grounds the gauge-kinetic term must be
proportional to a2β
∫
d2xF 2. Since β is held constant as a→ 0, the term
vanishes in the continuum limit, which is attained by sending J→∞ in this
model.
Another way to see that indeed the term will do no harm in the contin-
uum limit is to consider the physics of this term. Physically the term will
induce a Coulomb interaction between oppositely charged particles. Since
we are in one spatial dimension, the Coulomb interaction is confining, and
the typical worldline separation of oppositely charged wordlines in the vac-
uum will be given by a distance ∼ β in lattice units. In the limit of a
vanishing gauge-kinetic term, all U(1) charged worldlines collapse to only
U(1) gauge-neutral wordlines. However, if a fixed β is imposed on the lat-
tice, this will fix the typical distance between U(1) charged wordlines to ∼ β
in lattice units. Since any finite length in lattice units collapses to zero in
the continuum limit, both the theory with and without kinetic term have the
feature of suppressing wordlines with a U(1) charge, with the added bonus
that the kinetic term smoothens out gauge-field configurations at the lattice
scale. So in what follows we will always endow the CP (N − 1) model with
a gauge-kinetic term, keeping in mind that its coupling will be held fixed in
the continuum limit.
Upon replacement (?Fm)p→ θ we find from the general dual expression
(60) that the model with one flavor is given by
Z lat =
∑
nmx˜ ∈Z
e
− 1
2(2pi)2β
(2pinmx˜ +θ)
2
We[k]
∏
l
δ(kl + (?dn
m)l)
∏
x
δ((δk)x)
=Nβ
∏
x˜
∑
nmx˜ ∈Z
e
− 1
2(2pi)2β
(2pinmx˜ +θ)
2
We[−(?dnm)] . (67)
where in the last step we solved for the constraint kl =−(?dnm)l.
In the case of the CP (N − 1) model we have N flavors that generate N
different U(1) currents, so we must do the replacement (?Fm)p→ θ in (61)
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and find
Z lat =Nβ
∏
x˜
∑
nmx˜ ∈Z
e
− 1
2(2pi)2β
(2pinmx˜ +θ)
2
×
∑
{k}
Wmf [k
(1) . . . k(N)]
∏
x
N∏
f=1
δ
(
(δk(f))x
)
×
∏
l
δ(k
(1)
l + · · ·+ k(N)l + (?dnm)l) (68)
Note that at θ = pi the models enjoy a charge-conjugation symmetry
which takes nmx˜ →−nmx˜ − 1, as long as the matter field weights obey We[k] =
We[−k]. All that is left is to find the expressions for We[k] in the case of
specific models. We will discuss these matter field weights for the gauge
Higgs model and the CP (N − 1) model.
3.2 Worldlines for the mater field weights
Now we state the worldline expressions for the two models we study. As
derived in Appendix C the worldline expression for the gauge-Higgs model
is
We[k] =
∑
{a}
[∏
x,µ
1
(|kx,µ|+ax,µ)! ax,µ!
][∏
x
I (fx)
]
with (69)
I(fx) =
∫ ∞
0
dr rfx+1e−Mr
2−λr4, fx =
∑
µ
[|kx,µ|+|kx−µˆ,µ|+ 2 (ax,µ+ax−µˆ,µ) ].
For the CP (N − 1) model we have (see Appendix D)
We[k
(1), . . . ,k(N)] =
∑
{a}
∏
x,µ,j
J |k
(j)
x,µ|+2a(j)x,µ
(|k(j)x,µ|+ a(j)x,µ)! a(j)x,µ!
∏
x
∏N
j=1
(
f
(j)
x /2
)
!(
N − 1 + 12
∑N
j=1 f
(j)
x
)
!
with
f (j)x =
∑
µ
[
|k(j)x,µ|+ |k(j)x−µˆ,µ|+ 2[a(j)x,µ + a(j)x−µˆ,µ]
]
, j = 1, 2 ... N , (70)
where ax,µ ∈ N0 in (69) and a(j)x,µ ∈ N0 in (70) are auxiliary link variables on
the original lattice.
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3.3 Some comments on gauge choices and the θ-term in 2d
In this section we will discuss some specific gauge choices in 2d and make
contact with more traditional definitions of the θ-term. However, before we
begin let us note that the most obvious gauge in any dimension is the Villain
gauge, which sets the link gauge-fields Al to be in the interval Al ∈ [−pi, pi)
for every link l of the lattice Λ. This is simple because we can always perform
a discrete 1-form gauge transformation at each link individually.
Now we want to show that the θ-term we suggested in (26) really is
the θ-term by connecting it with conventional formulations. To do this let
us first open up the lattice 2-torus, and put it on a grid of size Nt ×Ns.
Normally, for implementing toroidal boundary conditions, we identify each
vertex and link on the far-left with the corresponding vertex and link on the
right, and the same with the vertices/links on the upper/lower edge of the
grid. However, let us for the moment drop this condition. In this case we
can gauge away the field Bp completely, by just setting it equal to a total
derivative Bp = (dλ)p, where λl ∈ 2piZ is a link-valued field. This is indeed
possible because we can choose λl = 0 for all links l that are horizontal and
then set the vertical links to be equal to the sum of all Bp on the plaquettes
to the left of the link. We can then perform the gauge transformation (24)
and gauge away Bp completely. However, now the gauge parameter on the
opposing vertical links which are to be identified are not the same, which
means that the gauge fields Al are no longer the same on the opposing
links, but differ by a value in 2piZ. This indeed makes sense because now
the gauge invariant combination θ2pi
∑
p(Fp +Bp) needs to be used as the
θ-term, and since we have set all Bp to zero, the contribution to the θ term
must be coming from the edges of the grid. The gauge field Al can now be
thought of as a U(1) gauge field, since it is not periodic on the torus, but
only periodic up to a U(1) gauge transformation.
Another way to make the connection with the θ-term is to define the
U(1) gauge theory in the conventional way, i.e., with the Wilson action for
compact U(1) lattice gauge fields and a naive discretization of the topological
charge. Using Fp = (dA)p the action with the θ term reads
S =
∑
p
(
−β cos(Fp) + i θ
2pi
sin(Fp)
)
. (71)
In the conventional representation the link field Al defines a phase on links,
such that it assumes values Al ∈ [−pi, pi). However, we can redundantly
assume that Al ∈ (−∞,∞) and in this way have an explicit gauge invariance
Al → Al + 2pinl, nl ∈ Z. Now if we take β to be large, we can approximate
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the trigonometric functions in (71) by their expansion around the minimum
of − cos(Fp). However there are infinitely many minima of the cosine, and
we must sum over them. In this way we obtain (constants were dropped)
S =
∑
p
(
β
2
(Fp + 2pinp)
2 + i
θ
2pi
(Fp + 2pinp)
)
+O((Fp + 2pinp)
3) , (72)
where np ∈ Z labels the minimum of the cosFp around which we expand.
Since Fp is a total lattice derivative, it will drop in the linear term under
the sum. By identifying Bp = 2pinp, we get back the action (25), with the
θ-term (26).
It is instructive to discuss another gauge choice in 2d where we can
remove the field Bp everywhere except on a single plaquette. For this we
use (24c) which states that under the transformation Al → Al + λl with
λl = 2pinl and nl ∈ Z the field Bp transforms as Bp → Bp − (dλ)p. For
defining the gauge transformation we switch to a notation where we denote
sites as x= (x1, x2), the link fields λl as λ(x1, x2)µ and the plaquette-based
fields Bp as B(x1, x2), where we again make use of the fact that in 2d
plaquettes can be labelled by their lower left corner x= (x1, x2).
The gauge transformation proceeds in two steps. For a first gauge trans-
formation we define
λ(x1, x2)1 = 0 , λ(x1, x2)2 =
x2−1∑
t=1
B(x1, t) . (73)
The transformed field B′p = Bp − (dλ)p is zero everywhere except on the
upper strip of the open torus. For the second step we define
λ(x1, x2)1 =
x1−1∑
s=1
B′(s, x2) , λ(x1, x2)2 = 0 , (74)
and obtain for the transformed field B′′p = B′p − (dλ′)p a field that vanishes
everywhere except for the plaquette at (x1, x2) = (Ns, Nt). So by a gauge
transformation we were able to set the field Bp to zero everywhere except
on a single plaquette. The value of the field Bp on this plaquette determines
the θ-dependence of the system.
Note, however, that this gauge choice does not specify the gauge com-
pletely. To see this, imagine an arbitrary closed contour on the links of the
dual lattice. Let {l} be the set of all links l of the original lattice which
intersect the contour. Now we implement a Z-valued 1-form gauge transfor-
mation on all links l ∈ {l}, i.e., Al→Al + 2piml, where ml =ml′ if l, l′ ∈ {l},
and ml = 0 if l /∈ {l}. This clearly does not change Bp.
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We remark at this point that when using this particular gauge for the
mapping to dual variables, which we discuss in the next section, gives rise
to the same worldline and worldsheet representation we derive below.
Finally let us make contact with the geometrical topological charge
[32, 33]. To do this let us also revert back to the usual formulation of the
abelian gauge theories in terms of lattice U(1)-valued link fields Ul = e
iAl ,
and redundantly integrate over Al ∈ R. Clearly this just adds an infinite
multiplicative factor which is a gauge symmetry artifact because the trans-
formation Al→Al + 2pi is a gauge symmetry of the theory. Note, however,
that this formulation does not have an associated 1-form gauge field Bp. We
can define the field strength in two ways. One way is to define it as before
and set Fp = (dA)p. The other way we can define it through Vp as Vp = e
ifp ,
in which case fp is only defined mod2pi. Note that Fp is clearly not invariant
under the 1-form gauge symmetry, as it can shift by 2pi. The definition of
fp on the other hand is ambiguous and a prescription of what it means is
required before it can be used to define the θ-angle. The geometrical pre-
scription is to define the θ term using fp in such a way that it is picked to
satisfy −pi ≤ fp < pi, and we write the θ-term as Sθ = θ2pi
∑
p fp.
We want to connect this definition with our definition given in terms of
the B-field. To define the θ-term in that way we will need to first define
an adequate Bp field. We proceed as follows: we first insert unity for every
plaquette p into the partition function in the form
∞∑
np=−∞
Θ(Fp + 2pinp) , (75)
where Θ(x) is a Heaviside-like function defined as
Θ(x) =
{
1 −pi ≤ x < pi
0 otherwise
. (76)
Note that we have not changed the partition function at all by this intro-
duction. What we have done is to partition Fp into individual segments in
the interval −pi − 2pinp ≤ Fp < pi − 2pinp. However, the combination 2pinp
now behaves as the gauge field Bp.
Notice that the combination Fp + 2pinp can be identified with fp. This
would exactly correspond to taking the combination Fp + 2pinp for the θ-
term, as per Lu¨scher’s prescription [32,33]. However Fp is an exact 2-form,
and will drop out under the sum, rendering the Lu¨scher θ-term equivalent
to our definition: Q= 12pi
∑
p(Fp + 2pinp) =
∑
p np.
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4 3d U(1) gauge theory with constrained monopole
charge
The next system we consider is the 3d U(1) gauge theory with a general
monopole charge. Recall that in the absence of monopoles – or magnetic
flux changing events – the theory has an ordinary U(1) symmetry associ-
ated with magnetic flux conservation, sometimes referred to as the U(1)-
topological symmetry which we will refer to as U(1)T . If the monopole
charge is restricted to be a multiple of some integer N , then U(1)T is re-
duced to ZTN . In Sec. 2.4 we already touched on how the monopole charges
can be restricted.
Such a setup is interesting in several contexts. Firstly, various non-
abelian gauge theories in 3d and 4d have regimes where the effective theory
is an abelian gauge theory with monopoles. In some of them, on symmetry
grounds, odd monopole charges are forbidden.
Secondly, (2 + 1)d spin-1/2 anti-ferromagnets may support a Valence
Bond Solid (VBS) phase – a phase which can be visualized as a pairing of
spins into singlet dimers – which is also effectively described by an abelian
gauge Higgs theory with two scalars (see, e.g., [6–9] and references therein).
The lattice symmetries of these spin systems map into the topological sym-
metry ZTN discussed above, which in turn restricts the monopole charges of
the effective theory. The effective theory has been used to argue that the
transition from the VBS phase (i.e., monopole phase) to the Ne´el phase (i.e.,
Higgs phase) is a second order quantum phase transition.
In this section we will briefly discuss how to formulate the theory with
restricted monopole charges on the lattice and subsequently show how the
complex action problem is overcome by switching to the worldline/worldsheet
representation.
4.1 Defining the constraints for the monopole charge
We begin with the definition of the monopole charge density q(x) at a space-
time point x in the continuum, which is simply given by the divergence of
the field components in the field strength tensor,
q(x) =
1
4pi
∑
σ
∂σ
∑
µ,ν
σµν Fµν(x) . (77)
We already briefly discussed monopoles on the lattice – see the discussion
around Eq. (39). The prescription there can also be thought of in terms
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of a monopole charge density qx that corresponds to (77) by discretizing
the derivative ∂σ and implementing the prescription (24). The result is the
monopole charge density qx assigned to the cubes of the lattice (i.e., the
dual lattice site), which we label by the dual-site x˜:
qx˜[n] =
1
2pi
∑
σ
∑
µ<ν
σµν
[
(nx+σˆ,µν − nx,µν)
]
. (78)
Note that here we sum over µ < ν which gives rise to an extra factor of 2
and thus to a normalization with 1/2pi. The definition above is consistent
with our discussion around Eq. (28).
The constraint for the monopole charge assigned to the cube at x is
imposed with a Lagrange multiplier as
1
N
N−1∑
ax˜=0
e i
2pi
N
ax˜ qx˜[n] . (79)
We see that this is the same as setting Amx˜ =
2piax˜
N . We can therefore eas-
ily write the dual version by replacing Amx˜ → 2piN ax˜ in the expression, and
converting the integral over Amx˜ into a sum over ax˜. We therefore write
the expression for the dual representation of the partition function by the
appropriate replacement in Eq. (60). For one flavor we have
Z lat =
∏
x˜
N−1∑
ax˜=0
∏
l˜
∑
nm
l˜
∈Z
e
− 1
2β
(
(da)
l˜
N
+nm
l˜
)2
We[−(?dn)] , (80)
We note two things: Firstly, the above construction can be seen as a limiting
case of a N -clock deformation of the theory, i.e., by adding the monopole
action (39) and setting mq = 0 for all q 6= 0 and sending mN → +∞. This
potential precisely pins down the Am field to be (Am)x˜ = 2piax˜/N with
ax˜ ∈ Z. Secondly, the whole construction can easily be repeated for the
general monopole action defined in (39), by simply writing the cosines as
sums of exponentials, and applying our standard construction. Note that if
some of the coefficients mn in (39) are negative, we might face sign problems.
All that is left is to write down the expression for the worldlines W [k].
In fact this expression is identical to the one in 2d. We write it out again
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for convenience
We[k] =
∑
{a}
[∏
x,µ
1
(|kx,µ|+ax,µ)! ax,µ!
][∏
x
I (fx)
]
with (81)
I(fx) =
∫ ∞
0
dr rfx+1e−Mr
2−λr4, fx =
∑
µ
[|kx,µ|+|kx−µˆ,µ|+ 2 (ax,µ+ax−µˆ,µ) ].
5 The θ-terms in four dimensions and the Witten
effect
In this section we will discuss some θ-terms in four-dimensional gauge the-
ories which arise naturally from our discussion in the rest of the paper. We
discuss two cases: the abelian U(1) gauge theory in 4d and the SU(N)/ZN
gauge theory. The basic idea is along the spirit of [17], where non-abelian
SU(N)/ZN = PSU(N) gauge theory was discussed. In [17] a deformation
of such theories by a discrete θ-term was discussed in the continuum and
on manifold triangulations (i.e., simplicial complexes). To our knowledge no
construction of these θ-terms was presented for cubic lattices. We also are
unaware of any discussion along these lines for abelian gauge theories either
on triangulations or cubic lattices.
We note that this section discusses cases which are manifestly suffering
from the complex-action problem, and we will not try to dualize them here.
This seems to be possible however, but is beyond the scope of this work and
will be discussed elsewhere15.
5.1 The U(1) gauge theory
In d = 4, and in the absence of magnetic matter, we can write a natural
θ-term, as we will discuss momentarily. However, the construction needs
slightly more structure. Namely since the cubic lattice Λ has as its dual
lattice also a cubic lattice Λ˜, there is a natural map F : Λ˜→Λ which performs
a pure translation x˜→ x. Furthermore this map also induces a map between
fields of the dual lattice and the original lattice. We will therefore identify
the two lattices as equivalent, having the same field content. This allows
us to define the operator ?F = F ◦ ?, which maps r forms on Λ to d− r
forms on Λ. Note, however, that the square (?F )
2c(r) = F (?F (?c(r))) =
(−1)r(d−r)F 2(c(r)) does not leave the cell invariant, but instead translates
15We are thankful to Bruno Le Floch for discussions on this topic
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it by one lattice unit in all (negative) directions. This operator should be
thought of as the Hodge dual operator on the lattice, but note that, unlike
the Hodge dual, it also translates the lattice. This will be important below.
Let us therefore define the fields B˜?p ≡BF (?p) and A˜?l ≡AF (?l). We can
now write a θ-term for U(1) gauge theory in 4d as
S4dθ =
iθ
8pi2
∑
p
BpB˜?p . (82)
When we impose the condition dB = 0 then the above term is invariant
under θ→ θ + 2pi if dB = 0, as we will show in a moment.
First, let us make sure that the θ-term is gauge invariant under the 1-
form gauge symmetry Bp→Bp + 2pi(dn)p, where nl is a gauge variation, as
long as (dB)c = 0, ∀c. Indeed
∆S4dθ = i
θ
4pi
∑
p
(
(dn)pB˜?p +Bp(dn˜)?p + 2pi(dn)p(dn˜)?p
)
=
=−i θ
4pi
∑
l
nl(dB˜)?l +
∑
l˜
(dB)?l˜n˜l˜
=
=−i θ
4pi
(∑
l
(dB)F 2(?l˜)
(
n˜l˜ + n˜F−2(l˜)
))
, (83)
where in the last step we used the partial integration theorem of Appendix
A. Indeed the above variation vanishes identically if dB = 0.
Now we show that the term is also invariant under a shift of θ→ θ + 2pi.
This shift produces a term
eipi
∑
p bpb˜?p , (84)
where we wrote Bp = 2pibp with bp ∈ Z. The individual contributions from
the plaquettes can indeed be odd. We must therefore show that the number
of odd contributions is even. Let’s assign for every odd bp an integer k?p = 1
on the dual lattice, and for every even bp and integer k?p = 0. Then because
we have (db)c = 0, we must have that (δk)l˜ = 0, in other words that k = 1
two-dimensional surfaces on the dual lattice are closed surfaces. The same
is true for b˜p˜ on the dual lattice, to which k˜?p˜ = 0 or k˜?p˜ = 1 on the original
lattice depending on whether b˜p is even or odd respectively. Then each
plaquette on the original lattice contributes a term
eipik?pk˜p . (85)
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The above term is −1 whenever the k = 1 surface on the dual lattice inter-
sects the k˜ = 1 surface on the original lattice, but is 1 otherwise. However,
because k and k˜ are related by a simple translation of the lattice to the dual
lattice F : Λ → Λ˜, there is a doubling of the intersection points, and the
product over plaquettes yields unity16.
So far all the discussion was without monopoles. To couple monopoles
we replace the constraint (dB) = 0 with a Lagrange multiplier by inserting
the term (29) which can also be written as
iQ=
i
2pi
∑
l˜
Am
l˜
(dB)?l˜ . (86)
Now we are forced to define the 1-form gauge symmetry as a simultaneous
transformation
Al→Al + 2pinl
Bp→Bp + 2pi(dn)p (87)
Am
l˜
→Am
l˜
+
θ
2
(
n˜l˜ + n˜F−2(l˜)
)
.
Note that in order for the formulas to make sense for general θ, we must take
Am
l˜
∈ R. If we restrict the interval Am
l˜
∈ [0, 2pi) then the last replacement
should be thought of as a mod 2pi statement.
The expression above makes it clear that in order to couple the mag-
netic monopoles with the above theory, one must endow them with elec-
tric charge. Note, however, that the coupling of monopoles to electric
fields is unusual, as the lattice hopping term must contain a combination
Am
l˜
− θ4pi
(
Al˜ +AF−2(l˜)
)
. This is a consequence of the fact that ?F = F ◦ ?
is not idempotent. In the continuum the two link fields Al˜ and AF−2(l˜) are
infinitesimally close, and monopoles can be thought of as carrying the frac-
tional charge θ/(2pi) (two times charge θ/(4pi)). This is the famous Witten
effect [34].
16By a version of this argument one can see that the θ-term is really a cup product
B
2pi
∪ B
2pi
∈ H4(M,Z). The argument uses the ?-operator to construct closed surfaces on
the dual lattice and the original lattice as before, and shows that the contribution is
the intersection number of these surfaces, which is Poincare dual to the cup-square of
B ∈H2(M,Z).
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5.2 PSU(N) non-abelian gauge theory, discrete θ-term and
the non-abelian Witten effect
Recently there was a lot of discussion in the literature about gauging the
center of the SU(N) non-abelian gauge theory to obtain an PSU(N) =
SU(N)/ZN gauge theory (see, e.g., [35], [17], [10]). A prescription to do
this is quite straightforward, and was discussed in detail in these papers.
Here we mention just the highlights. An SU(N) gauge theory on a cubic
lattice is regularized in the usual way with action
S =− β
2N
∑
p
(Vp + c.c.) , (88)
where Vp is the traced plaquette
Vp = Tr
∏
l∈∂p
Ul , (89)
with Ul ∈ SU(N), and the trace is over the color index. The system has a
1-form center symmetry given by
Ul→ eiδlUl , for eiδl ∈ ZN , (90)
such that
(dδ)p = 0 mod 2pi , ∀p . (91)
This is a 1-form ZN center symmetry.
Now we can gauge the center symmetry by introducing a ZN valued
plaquette field eiBp ∈ ZN , which is parametrized by a 2-form gauge field
Bp. The ZN center symmetry is now a gauge symmetry because under the
transformation
Bp→Bp − (dδ)p (92)
Ul→ Uleiδl (93)
the action is invariant. Notice however that Bp also has a 2-form gauge
symmetry
Bp→Bp + 2pimp . (94)
This gauge symmetry can be thought of as an equivalence of δl ∼ δl + 2pi of
the gauge transformation parameter δl. However, it is more practical to treat
δl as a single-valued parametrization of the ZN 1-form gauge transformation,
and separately treat (94) as a gauge symmetry.
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Now we can define a monopole operator of charge m = 1, . . . , N − 1, as
an object for which (dB)c
(dB)c = 2pim/N mod 2pi . (95)
We can impose this constraint by inserting a Lagrange multiplier at every
cube c ∑
a?c∈Z
eia?c(dB)c . (96)
The sum over a?c imposes the constraint that there are no ZN monopoles.
We have redundantly summed over all integers, but the a-field has a gauge-
shift symmetry al˜ → al˜ + 2piNzl˜, for zl˜ ∈ Z. The field a can therefore be
thought of as a (magnetic) ZN gauge field.
Now if we want to couple (electric) matter to this theory, we must use
PSU(N) representations only. This is because the link-fields Ul which are in
the representation of SU(N), but not in the representation of PSU(N), are
not gauge invariant under the center-gauge symmetry (90) and we cannot
use them to couple electric matter.
We now define the discrete θ-term as
Sk =
ikN
4pi
∑
p
BpBF (?p) . (97)
We need to choose k such that Bp→ Bp + 2pimp is a gauge symmetry. We
have
∆Sk = ikN
∑
p
(
mpBF (?p) +BpmF (?p)
2
+ pimpmF (?p)
)
. (98)
The above expression is obviously a 2pii multiple of an integer when k is
even. We also must have invariance when we let Bp → Bp − (dδ)p for δl =
0, 2pi/N, . . . , 2pi(N − 1)/N . We have that upon partial integration
∆Sk =− ikN
4pi
∑
l
(
δ˜l˜ + δ˜F−2(l˜)
)
(dB)?l˜ , (99)
where δ˜l˜ = δF (l˜). Indeed the above is clearly zero mod 2pii if we impose that
there are no monopoles (i.e., m= 0 in (95)), and k is even.
Now consider imposing the constraint dB = 0 mod 2pi with the Lagrange
multiplier term (96). To maintain the 1-form gauge invariance, we must also
shift al as
al˜→ al˜ +
kN
4pi
(
δF (l˜) + δF−1(l˜)
)
. (100)
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We could now couple monopole matter, by coupling the lattice ZN gauge
field al˜ to a, say, scalar field on the dual lattice. If k = 0 then we can do this
with the term
(φmx˜+µ)
∗e
−2piiax˜,µ
N φmx˜ + c.c. (101)
But if k 6= 0, the monopole must be a color multiplet. Indeed let Ul(Rs) be
an SU(N) link field in the representation Rs, where s signifies the number
of boxes in the Young tableau of the representation (we refer to such a rep-
resentation as a s-index representation). Under the 1-form gauge symmetry
transformation we have that Ul(Rs)→ eisδlUl(Rs). Consider the coupling
of magnetic matter in the form
(φmx˜+µ)
†UF (l˜)(Rs1)UF−1(l˜)(Rs2)e−
2piiax˜,µ
N φmx˜ + c.c. , (102)
where φm is a monopole field containing indices in the s1-index and s2-index
representation such that s1 = k/2 mod N and s2 = k/2 mod N . This is the
non-abelian version of the Witten effect discussed previously.
Note that this also gives another insight why in this lattice regulariza-
tion we could not have odd k. If this was the case we could not couple
monopole operators, as we did above, as we need to be able to split the
gauge-representation into two parts. Let us comment a bit more about this.
The discrete θ-term labeled by k can be thought of as changing a theory
where monopoles can only be charged electrically in the PSU(N) represen-
tation (k=0) to a theory where monopoles can carry a k-index representation
(modulo N). So by setting k =N we return back to the original k = 0 case
where only PSU(N) representations are allowed. However, the construction
here requires us to split the electric charge of the monopole to two different
links of the lattice. For odd N this is not an issue as even k = 0, 2 . . . , 2N
are enough to construct all the representations from s1, s2 = k/2 mod N
(i.e., if k = 2, 4, 6, N − 1, then we can make a k-index representation, while
if k =N + 1, . . . , 2N − 1 we can make 1, 3, . . . N − 2 representations). How-
ever, if N is even, we only have N/2 distinct theories, but expect N distinct
theories. It is an interesting question whether our construction can be mod-
ified to accommodate the missing values of the discrete θ-angle.
6 Summary and outlook
In this paper have discussed a particular discretization of abelian gauge
theories on the lattice. The construction was motivated by reducing the
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center symmetry group of the non-compact abelian gauge theory from R
to U(1) = R/Z, by introducing the Z-valued 2-form gauge fields living on
lattice plaquettes. This construction has many benefits over the conventional
U(1) gauge theory construction. Firstly, in addition to the electric matter,
one can couple magnetic matter to the theory in a natural way. Secondly,
because the action is Gaussian in the gauge degrees of freedom it allows for
a natural electric-magnetic duality, even in the presence of matter. This
enables one to formulate self-dual abelian gauge theories in four dimensions
which is free from sign problems, as long as the matter is bosonic. The
construction also allows a natural way to introduce θ-terms in 2d and to
constrain monopole charges in 3d (and also in higher dimensions). These low
dimensional examples are important effective theories for anti-ferromagnetic
materials.
We also showed that this logic can be used to construct natural θ terms
in 4d theories. The construction parallels that of the work [17] where a
discrete θ-term was constructed for PSU(N) = SU(N)/ZN gauge theories
on the triangular lattice (i.e., simplicial complexes). We showed here that the
construction goes through on cubic lattices as well. While at the moment we
did not attempt to solve the complex-action problem in these cases, several
avenues exist which may be useful for a numerical study of these theories.
One is to notice that the θ-term can be reduced to a single 4d hypercube by
a gauge transformation. It is therefore possible that an efficient algorithm
can be used which will sum over the degrees of freedom at this spacetime-
point, without paying a prohibitively large cost as the infinite volume limit
is taken.
Furthermore there remains a question on what can be done in 4d SU(N)
gauge theories with the conventional (i.e., continuous) θ-term. An interest-
ing avenue to explore here would be to construct an SU(N) lattice gauge
theory on a trivial SU(N) bundle. In [36] (see also [37]) such a theory was
constructed by constraining the instantons to be multiples of a particular
charge q. The theory on a trivial gauge bundle is then obtained in the limit
q →∞. But such a theory can also be constructed by viewing the gauge-
fields on the links as algebra-valued, not group-valued. Such theories have a
Z 3-form global symmetry, under which an integral over the Chern-Simons
form is charged. The symmetry transformation can be thought of as the
would-be large gauge transformation which has a non-trivial winding over a
closed 3-cycle, which shifts the Chern-Simons integral by discrete steps. The
transformation is however not a gauge transformation on a theory formu-
lated on a trivial SU(N) bundle, but is a global symmetry transformation.
The problem then becomes one of finding an expression for a Chern-Simons
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form on the lattice in terms of the algebra valued fields, such that its lattice
exterior derivative gives a topological charge. A construction of this seems
to have been made in [38] for usual lattice gauge theories with group-valued
gauge fields. If this is possible to do for the theory on the trivial gauge bun-
dle, then a similar construction to the one we showed here can be performed
for non-abelian gauge theories, where a 4-form discrete gauge field Bh living
on hypercubes h is introduced to turn a Z 3-form global symmetry to a local
one. The θ-term would simply be proportional to the sum
∑
hBh.
Acknowledgments:
We would like to thank Maria Anosova, Costas Bachas, Zohar Komargodski,
Bruno Le Floch, and Yuya Tanizaki for the discussions and comments on
the draft, especially Bruno Le Floch for his detailed reading of the draft. We
would also like to thank Daniel Go¨schl for discussions about computational
aspects of the dual representations. This work is supported by the Austrian
Science Fund FWF, grant I 2886-N27. The authors would like to express
a special thanks to the Mainz Institute for Theoretical Physics (MITP) for
its hospitality and support during the workshop ”Progress in Diagrammatic
Monte Carlo Methods” which facilitated this collaboration.
In the subsequent appendices we collect several somewhat technical parts
needed for the presentation and in particular for the transformation of our
example systems to worldline and worldsheet representations.
A Differential forms on the lattice
In this appendix we collect our conventions for differential forms on a cu-
bic lattice which we use for parts of our presentation. For a more general
introduction based on triangulated manifolds see, e.g., [39].
We consider a d-dimensional cubic lattice Λ with lattice constant 1, which
is either infinite or has periodic boundary conditions. The sites are denoted
as x= (x1, x2 ... xd) with xi either in all of Z or xi = 1, 2 ... Ni with periodic
boundary conditions. In addition we periodically identify links, plaquettes
et cetera. In general we define r-cells c(r)(x)µ1µ2 ... µr with µ1 <µ2 < ... < µr
as sets of sites c(r)(x)µ1µ2 ... µr = {x} ∪ {x+µˆi, 1≤ i≤ r} ∪ {x+µˆi+µˆj , 1≤ i <
j ≤ r} ∪ ... ∪ {x+µˆ1+ ...+µˆr}, where µˆ denotes the unit vector in direction
µ. Obviously 0-cells are the sites, 1-cells are the links, 2-cells the plaquettes
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et cetera. In our basic definition, the cells are labelled by the set of canoni-
cally ordered directions µ1 < µ2 < ... < µr, but it is convenient to introduce
a more general labelling via c(r)(x)µ1 ... µi ... µj ... µr = −c(r)(x)µ1 ... µj ... µi ... µr ,
where the sign is referred to as the orientation of the cell.
We define the boundary operator ∂ acting on r-cells c(r) to be the operator
that gives the oriented sum of the c(r−1) cells in the boundary of c(r),
∂c(r)(x)µ1 ... µr =
r∑
k=1
(−1)k+1
[
c(r−1)(x+µˆk)µ1 ... µok ... µr− c
(r−1)(x)µ1 ... µok ... µr
]
,
(103)
where µ
o
k indicates that this index is omitted. For 0-cells, i.e., sites, we
define ∂ c(0)(x) = 0. We also define the co-boundary operator ∂ˆ acting on an
r-cell c(r) to be the operator that gives the oriented sum of all r + 1 cells
which contain c(r) in their boundary,
∂ˆ c(r)(x)µ1 ... µr =
∑
ν 6=µ1 ... µr
[
c(r+1)(x)µ1 ... µrν − c(r+1)(x− νˆ)µ1 ... µrν
]
, (104)
with the convention ∂ˆ c(d)(x)1 ... d = 0. It is easy to show that the boundary
and co-boundary operators are nilpotent, i.e., ∂2 = 0 and ∂ˆ2 = 0.
The dual lattice Λ˜ is the cubic lattice that has its sites x˜ at the cen-
ters of the d-cells of Λ, i.e., x˜ = x+ 12(1ˆ + 2ˆ + ...+ dˆ). There is a natural
identification of the r-cells c(r) of Λ with the (d−r)-cells c˜ (d−r) of Λ˜. The
? dual operator implements this identification, taking into account also the
orientation of the cells,
? c(r)(x)µ1 ... µr =
1
(d−r)!
∑
µ′r+1... µ
′
d
µ1 ... µrµ′r+1 ... µ′d
× c˜(d−r)(x˜−µˆ′r+1...−µˆ′d)µ′r+1... µ′d , (105a)
? c˜(r)(x˜)µ1 ... µr =
1
(d−r)!
∑
µ′r+1... µ
′
d
µ1 ... µrµ′r+1 ... µ′d
× c(d−r)(x+µˆ1...+µˆr)µ′r+1... µ′d . (105b)
It is easy to show that up to a sign (only for even dimensions) the square of
the ? operator is the identity, ?2 c(r) = (−1)r(d−r)c(r), ?2 c˜(r) = (−1)r(d−r)c˜(r).
Also notice that we can write the co-boundary operator as
∂ˆ c(r) = (−1)(d−r−1)(r+1) ? ∂ ? c(r) . (106)
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or, equivalently
∂?= ?∂ˆ (107)
We define an r-form Ac(r) (often also referred to as r-chain), to be
an object that lives on an r-cell. When we refer to a specific r-cell as
c(r)(x)µ1µ2 ... µr , with µ1 < µ2 < ... < µr, we also use the notation
A(x)µ1 ... µr with A(x)µ1 ... µi ... µj ... µr = −A(x)µ1 ... µj ... µi ... µr , (108)
to denote the r-forms and in the second part of (108) already have introduced
our convention for the orientation of r-forms, i.e., A−c(r) =−Ac(r) .
The star operator also induces a map from r-forms on Λ to (d− r)-forms
on Λ˜. For an r-form on Λ we define an (d− r)-form ?A on the dual lattice
as
(?A)c˜(d−r) =A?c˜(d−r) (109)
Also for the action of the ? dual operator on r-forms one finds the relation
?2Ac(r) = (−1)r(d−r)Ac(r) , ?2A˜c˜(r) = (−1)r(d−r)A˜c˜(r) .
The exterior derivative operator d maps an r − 1 form Ac(r−1) to an r
form (dA)c(r) (with the convention dAc(d) = 0),
(dA)c(r) =
∑
c(r−1)∈∂c(r)
Ac(r−1) , (110)
(dA)(x)µ1 ... µr =
r∑
k=1
(−1)k+1
[
A(x+µˆk)µ1 ... µ
o
k ... µr
−A(x)µ1 ... µok ... µr
]
.
It is straightforward to show that the exterior derivative operator is nilpo-
tent, i.e., d 2 = 0.
The boundary operator δ for r-forms (often also referred to as diver-
gence operator) maps an r + 1-form Ac(r+1) to an r form (δA)c(r) (with the
convention δAc(0) = 0),
(δA)c(r) =
∑
c(r+1)∈∂ˆc(r)
Ac(r+1) , (111)
(δA)(x)µ1 ... µr =
∑
ν
[A(x)µ1 ... µr ν −A(x− νˆ)µ1 ... µr ν ] .
Also here nilpotency is straightforward to show, i.e., δ2 = 0. The operator δ
can also be expressed as δc(r) = (−1)(d−r+1)(r+1) ? d ? c(r) or ?δ = d?.
The exterior derivative operator d and the boundary operator δ are dual
to each other with respect to the l2 norm. In other words, they obey the
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partial integration formula∑
c(r)
(dA)c(r) Bc(r) = (−1)r
∑
c(r−1)
Ac(r−1) (δB)c(r−1) . (112)
Another form we will use involves a product of forms on the lattice and
the dual lattice. We have∑
c(r)
(dA)c(r) B˜?c(r) = (−1)r
∑
c(r−1)
Ac(r−1) (dB˜)?c(r−1) . (113)
To derive the above formula we used d? = ?δ in (112), with B˜c˜(d−r) =
(?B)c˜(d−r) .
We finish by quoting the Hodge decomposition formula. For any r-form
Ac(r) there exist an r + 1 form Bc(r+1) , an r − 1 form Cc(r−1) and a harmonic
(defect) r-form Hc(r) , which obeys dHc(r) = δ Hc(r) = 0, such that
Ac(r) = δ Bc(r+1) + dCc(r−1) + Hc(r) . (114)
B Poisson summation formula
For completeness of our presentation and self-consistency of the paper we
here prove the well-known result
b(F ) ≡
∑
n∈Z
e−
β
2
(F+2pin)2−iγ(F+2pin) =
1√
2piβ
∑
p∈Z
eipF e
− 1
2β
(p+γ)2
. (115)
All gauge field Boltzmann factors we consider in this paper are products of
terms b(F ) that depend on a single component F ≡Fx,µν of the field strength
tensor at a fixed site x, where γ is some real number. Obviously the function
b(F ) is 2pi-periodic in F such that it has the Fourier representation
b(F ) =
∑
p∈Z
b˜(p) eipF . (116)
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The Fourier transform b˜(p) can be evaluated in closed form,
b˜(p) =
∫ pi
−pi
dF
2pi
b(F ) e−ipF =
∑
n∈Z
∫ pi
−pi
dF
2pi
e−
β
2
(F+2pin)2−iγ(F+2pin) e−ipF
=
∑
n∈Z
∫ pi
−pi
dF
2pi
e−
β
2
(F+2pin)2−iγ(F+2pin)−ip(F+2pin) =
∣∣∣F ′= F+2pin∣∣∣
=
∑
n∈Z
∫ 2pin+pi
2pin−pi
dF ′
2pi
e−
β
2
(F ′)2−iF ′(p+γ)
=
∫ ∞
−∞
dF ′
2pi
e−
β
2
(F ′)2−iF ′(p+γ) =
1√
2piβ
e
− 1
2β
(p+γ)2
. (117)
Inserting this Fourier transform b˜(p) in (116) gives rise to the Fourier rep-
resentation of the Boltzmann factor used for the mapping to dual represen-
tations.
C Worldline representation for the φ4 field in a
gauge background
In this section we briefly outline the steps for obtaining the worldline repre-
sentation for the partition sum Ze[U ] of the φ
4 field in a background gauge
configuration U . For a detailed derivation we refer to [25].
In terms of conventional fields the partition sum Ze[U ] in a background
of the group-valued link variables is defined in (40). Rewriting the sums in
the action (37) that appears in the exponent of the Boltzmann factor we
find (here we set Ve(|φx|) = λ|φx|4 and drop some of the subscripts)
Z late [U ]=
∫
D[φ]
∏
x
e−M |φx|
2−λ|φx|4 ∏
x,µ
eφ
∗
xUx,µφx+µˆeφxU
∗
x,µφ
∗
x+µˆ (118)
=
∑
{n,n}
∫
D[φ]
∏
x
e−M |φx|
2−λ|φx|4∏
x,µ
(
φ∗xUx,µφx+µˆ
)nx,µ(φxU∗x,µφ∗x+µˆ)nx,µ
nx,µ! nx,µ!
.
In the second line we have expanded the exponentials for the nearest neigh-
bor terms and introduced the notation
∑
{n,n} =
∏
x,µ
∑
nx,µ∈N0
∑
nx,µ∈N0
for the multi-sum over the corresponding summation indices.
Next we organize the powers of the fields φx and φ
?
x with respect to sites
and subsequently switch to polar coordinates φx = rxe
iαx . The partition
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sum turns into (we define fx ≡
∑
µ[nx + nx + nx−µˆ + nx−µˆ])
Z late [U ] =
∑
{n,n}
∏
x,µ
(
Ux,µ
)nx,µ−nx,µ
nx,µ! nx,µ!
∏
x
∫ ∞
0
drx r
fx+1
x e
−Mr2x−λr4x
×
∏
x
∫ 2pi
0
dαx
2pi
e iαx
∑
µ[nx +nx−nx−µˆ−nx−µˆ] , (119)
where we use the measure in polar coordinates
∫
D[U ] =
∏
x
∫ 2pi
0
dαx
2pi
∫∞
0 drx rx.
The integral over the moduli rx obviously gives rise to the integral weight
I(fx) defined in (69) and (81), while the integral over the phases αx gener-
ates the constraints
∑
µ[nx,µ + nx,µ − nx−µˆ,µ − nx−µˆ,µ] = 0 ∀x.
The final step is to reorganize the summation variables by introducing
the flux variables kx,µ ∈ Z and the auxiliary variables ax,µ ∈ N0, such that
nx,µ − nx,µ = kx,µ and nx,µ + nx,µ = |kx,µ|+ 2ax,µ . (120)
The multiple sum
∑
{n,n} is replaced by two sums
∑
{k} =
∏
x,µ
∑
kx,µ∈Z and∑
{a} =
∏
x,µ
∑
ax,µ∈N0 . The constraints can be written as a product over
Kronecker deltas which we here denote as δ(n)≡ δn,0. They enforce the zero
divergence condition ~∇ · ~kx =
∑
µ[kx,µ − kx−µˆ,µ] = 0 ∀x for the flux variables
kx,µ. The partition sum thus can be written in the worldline form
Z late [U ] =
∑
{k}
We[k]
∏
x
δ
(
~∇ · ~kx
) ∏
x,µ
(
Ux,µ
) kx,µ , (121)
where all weight factors and the sum
∑
{a} over the auxiliary variables were
collected in the real and positive weight We[k], which is given in its explicit
form in (69) and (81).
D Worldline representation for the CP (N − 1) field
In this appendix we provide a brief summary of the steps that lead to the
worldline representation of the partition function Ze[U ] in a background
configuration of the compact link variables Ux,µ (see [40] for a complete
derivation). The conventional partition function Ze[U ] is given by a straight-
forward discretization of the continuum action (65), and again the first step
is to write all sums that appear in the action, i.e., the exponent of the
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Boltzmann factor as a product over the individual Boltzmann factors,
Ze[U ] =
∫
D[~z ]
∏
x,µ
N∏
j=1
e Jz
∗
x,j Ux,µ zx+µˆ,j e Jzx,j U
∗
x,µ z
∗
x+µˆ,j
=
∑
{n,n}
∏
x,µ
(
Ux,µ
)∑N
j=1[n
(j)
x,µ−n(j)x,µ] ∏
x,µ
N∏
j=1
J n
(j)
x,µ +n
(j)
x,µ
n
(j)
x,µ ! n
(j)
x,µ !
×
∫
D[~z ]
∏
x,µ
N∏
j=1
(
z∗x,j zx+µˆ,j
)n (j)x,µ (zx,j z∗x+µˆ,j)n (j)x,µ , (122)
where in the second step we have again expanded the individual Boltzmann
factors. Since here we have vectors ~zx with N components zx,j we need
expansion indices n
(j)
x,µ ∈ N0 and n (j)x,µ ∈ N0 for the two nearest neighbor
terms for each component j = 1, 2, ... N . The corresponding multiple sum
is denoted by
∑
{n,n} =
∏
x,µ
∏N
j=1
∑
n
(j)
x,µ∈N0
∑
n
(j)
x,µ∈N0 .
In order to solve the integral over the moments of spin components zx,j
one switches to polar coordinates similar to the case of the φ4 theory dis-
cussed in Appendix B, and sets zx,j = e
iαx,j rx,j , where the moduli rx,j obey
the constraint
∑N
j=1 r
2
x,j = 1 ∀x, which ensures the normalization condition∑N
j=1 |zx,j |2 = 1 ∀x. Thus the rx,j can be parameterized by N − 1 polar
angles θx,j , j = 2, 3, ... N (see [40] for an explicit parameterization).
As for the φ4 case discussed in Appendix B, the integrals over the
phases αx,j give rise to constraints, which here appear for each component:∑
µ[n
(j)
x,µ + n
(j)
x,µ − n (j)x−µˆ,µ − n (j)x−µˆ,µ] = 0 ∀x ∀j. The integrals over the polar
angles θx,j give rise to real and positive combinatorial factors [40].
In a final step we again switch to flux variables k
(j)
x,µ ∈ Z and auxiliary
variables a
(j)
x,µ ∈ N0, which are related to the n (j)x,µ, n (j)x,µ via
n (j)x,µ − n (j)x,µ = k (j)x,µ and n (j)x,µ + n (j)x,µ = |k (j)x,µ|+ 2a (j)x,µ . (123)
The constraints then take the form of zero divergence conditions for each
flux, ~∇ · ~k (j)x =
∑
µ[k
(j)
x,µ − k (j)x−µˆ,µ] = 0 ∀x ∀j, and we can write the worldline
representation for Ze[U ] in the form
Ze[U ] =
∑
{k}
We[k]
∏
x
N∏
j=1
δ
(
(~∇ · ~k (j))x
) ∏
x,µ
(
Ux,µ
)∑N
j=1 k
(j)
x,µ . (124)
All weight factors were collected in the real and positive weights We[k],
which are a sum over the configurations of the auxiliary variables a
(j)
x,µ. The
explicit form of the We[k] is given in (70).
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